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Abstract. We consider coded distributed computing for a batch of si-
multaneously arriving tasks, where tasks and workers are divided into
corresponding groups and coding is applied within each group to miti-
gate stragglers. Optimizing the number of groups and the task and worker
allocations is challenging because the grouping space grows combinato-
rially. We study this joint grouping problem under MDS and general
coding. Under MDS coding, we prove that the single-group strategy is
globally optimal for any distribution of worker computation times. Un-
der general coding with linear recovery threshold, we derive an exact
�nite-sum expression for the expected batch makespan under shifted
exponential worker computation times, enabling exact evaluation and
optimization of feasible groupings. We develop a Grouping Branch and
Bound (GBB) algorithm to obtain a globally optimal grouping and fur-
ther propose a Slack Balanced Grouping Search (SBGS) algorithm to
e�ciently �nd groupings for larger instances within a prescribed compu-
tational budget. Experiments validate the MDS optimality result. Under
the tested general coding settings, grouping substantially reduces the
makespan, which is up to 66.1% higher under the single-group strategy.
Moreover, SBGS attains the same optimal makespan as GBB in all tested
instances and requires 95.84%-98.10% fewer expected makespan evalu-
ations, indicating substantially lower computational cost. These results
provide a theoretical basis and practical guidance for deciding when and
how tasks and workers should be grouped under di�erent coding schemes.

Keywords: Coded distributed computing · Batch processing · Makespan

1 Introduction

With the rapid growth of data-driven applications, distributed computing has
become a fundamental infrastructure supporting a wide range of tasks. However,
the overall performance of distributed systems is often limited by the straggler
e�ect, in which some nodes randomly run slower than their normal pace due
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to factors such as network �uctuations, resource contention, energy variability,
or hardware and software failures [1]. Such stragglers are common and di�cult
to predict, and they can signi�cantly delay task completion and degrade over-
all system performance, making their mitigation a key challenge in distributed
computing systems.

Coded distributed computing has emerged as an e�ective approach to mit-
igating stragglers by encoding computations across workers and recovering a
result from only a subset of their outputs [2]. It has been applied to matrix multi-
plication [3�5], gradient descent [6�8], multivariate polynomial evaluation [9�11],
and deep neural network inference [12�14]. Existing studies have developed MDS,
polynomial-based, and other code constructions to improve recovery thresholds,
communication, numerical stability, or placement for a predetermined compu-
tation [2, 15, 16]. This substantial progress establishes coding as a powerful
straggler-mitigation mechanism, but largely leaves the organization of a batch
of independent tasks �xed before coding is applied.

Recent studies have extended coded distributed computing to batch process-
ing, multiple task computation, and batch size optimization [17�19]. Task group-
ing has also been investigated to adjust computation granularity and exploit the
work completed by stragglers [20]. Other studies allocate predetermined coded
tasks among dedicated, shared, or heterogeneous workers [21, 22], while batch
scheduling methods balance task loads and completion delays without model-
ing recovery thresholds induced by coding [23,24]. Taken together, these studies
optimize task organization or worker allocation separately rather than jointly
partitioning a batch of tasks and a �nite set of workers into corresponding coded
groups. Such joint grouping is important because the task partition determines
the recovery requirements, while the worker partition determines the recovery
resources and completion times of the groups.

Motivated by this gap, we consider a batch of M simultaneously arriving
tasks executed by N workers and jointly optimize the number of groups and the
task and worker partitions under MDS and general coding to minimize the ex-
pected batch makespan. The problem is di�cult because the number of feasible
groupings grows combinatorially, while the makespan depends on the maximum
of the group completion times. Moreover, increasing the number of groups can
reduce the total recovery requirement under general coding but requires more
groups to complete. Our analysis reveals how the recovery threshold governs this
tradeo� and provides a theoretical and algorithmic basis for selecting and opti-
mizing grouping strategies. The main contributions are summarized as follows.

� We develop a uni�ed recovery-threshold-based framework for jointly group-
ing tasks and allocating workers to minimize the batch makespan in coded
distributed computing.

� For MDS coding, we use a sample path comparison based on the global order
of worker completion times to prove that the single-group strategy minimizes
the batch makespan for every realization, and therefore for any computation
time distribution.
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� For general coding, we characterize how the number of groups determines
the total recovery requirement and feasibility, and derive a �nite sum ex-
pression for exactly evaluating the expected batch makespan under shifted
exponential worker times. We then develop GBB, which combines rigorous
lower bound pruning with canonical search to guarantee global optimality.
For larger instances, we further propose SBGS, which re�nes multiple slack
balanced initial groupings through task and worker moves to obtain high
quality solutions with polynomial complexity.

� Experiments validate the MDS optimality result and demonstrate the bene�t
of grouping under general coding. Under the tested settings, the single-group
strategy incurs up to 66.1% higher expected makespan than optimal group-
ing. SBGS matches the GBB optimum in all tested instances while reducing
objective evaluations by 95.84%-98.10%.

The rest of the paper is organized as follows. Section 2 presents the system
model and formulates the joint grouping problem. Section 3 establishes the op-
timal grouping under MDS coding. Section 4 derives the structural results for
general coding and presents GBB and SBGS. Section 5 reports the experimental
evaluation, and Section 6 concludes the paper along with future directions.

2 Problem Formulation

2.1 System Model

We consider a distributed computing system with N worker nodes. A batch of
M homogeneous task requests arrives simultaneously, where N ≥ M . To miti-
gate the impact of stragglers, the system employs coded computation. Following
commonly adopted models in coded distributed computing [2, 25, 26], all tasks
have the same normalized computational load, and encoding does not alter the
load of each worker assignment.

For a group containing m original tasks, the recovery threshold is the min-
imum number of results returned by workers executing encoded tasks that are
required to recover all m task outputs. We denote this threshold by d(m). In
this work, we consider two commonly used coding models.

� MDS coding:Maximum Distance Separable (MDS) codes are widely adopted
in coded computation [2,4,6,8,12,17�19,21]. Under MDS coding, the recovery
threshold is d(m) = m.

� General coding:More general coding schemes can exhibit a recovery thresh-
old that grows linearly with the number of original tasks [9�11, 13, 15]. The
corresponding recovery threshold is d(m) = cm− (c− 1), where c ∈ Z+.

Let Tj be the completion time of worker j. Consistent with existing studies [6,
9, 19, 27], we assume that the worker completion times are independent and
identically distributed. Following the commonly used shifted exponential model
for distributed computing systems [2,6,16], we assume that Tj follows a shifted
exponential distribution with a shift parameter µ and a rate parameter λ, i.e.,
Tj ∼ µ+ Exp(λ), where µ ≥ 0 and λ > 0.
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2.2 Joint Grouping and Batch Makespan

To further improve system performance, we jointly partition the tasks and work-
ers into multiple groups. A grouping strategy is denoted by G = (ℓ,m,n),
where ℓ is the number of groups, m = (m1, . . . ,mℓ) is the task partition, and
n = (n1, . . . , nℓ) is the worker partition. A feasible strategy satis�es

mi ≥ 1, ni ≥ d(mi),

ℓ∑
i=1

mi = M,

ℓ∑
i=1

ni = N, mi, ni ∈ Z+, ∀i ∈ [ℓ]. (1)

Each worker is assigned to exactly one group. In group i, themi tasks are encoded
across ni workers, and the group completes upon receiving any di = d(mi) worker
results.

Let Tdi,ni denote the di-th smallest worker time in group i. Under the shifted
exponential computation-time model, the completion time of group i has the
following cumulative distribution function (CDF):

Fdi,ni
(t) =

ni∑
r=di

(
ni

r

)(
1− e−λ(t−µ)

)r (
e−λ(t−µ)

)ni−r

, t ≥ µ. (2)

The corresponding expected group completion time is

E[Tdi,ni
] = µ+

1

λ
(Hni

−Hni−di
), (3)

where Hk =
∑k

j=1
1
j is the k-th harmonic number.

Since all tasks arrive simultaneously, a batch is completed only when ev-
ery group has �nished. Therefore, the batch makespan under strategy G is
B(G) = max1≤i≤ℓ Tdi,ni

. Because di�erent groups consist of non-overlapping
sets of independent workers, their completion times are independent. Therefore,
the CDF of the batch makespan can be written as

FB(G)(t) =
ℓ∏

i=1

Fdi,ni
(t), t ≥ µ. (4)

Accordingly, the expected batch makespan is

E[B(G)] = µ+

∫ ∞

µ

[
1−

ℓ∏
i=1

Fdi,ni
(t)

]
dt. (5)

Our objective is to �nd a feasible grouping strategy that minimizes the expected
batch makespan:

min
ℓ,m,n

E[B(G)], subject to (1). (6)

The objective in (6) jointly determines the number of groups, the task partition,
and the worker allocation. Two special cases are included in this formulation:
the Single-group Strategy, given by G = (1, (M), (N)), and Replication

Strategy, given by G = (M, (1, 1, . . . , 1), (n1, n2, . . . , nM )).
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3 Optimal Grouping for MDS Coding

In this section, we theoretically characterize the optimal grouping strategy for
minimizing the expected batch makespan under MDS coding schemes.

Theorem 1. Under MDS coding, for any given computation-time distribution,

the single-group strategy achieves the minimum expected batch makespan.

Proof. Denote the completion time of node i as vi, and let the completion times
of N nodes be ordered from slowest to fastest: vN ≥ vN−1 ≥ · · · ≥ v1. If some
nodes have the same completion time, their order can be determined arbitrarily
but consistently.

Under the single-group MDS strategy with recovery threshold d(M) = M ,
the batch �nishes when the M -th fastest node completes. We denote this com-
pletion time by A = vM . For clarity, let S be the set of the M fastest nodes in
the system, corresponding to the completion times vM ≥ vM−1 ≥ · · · ≥ v1.

Now divide the N nodes into ℓ groups. Group i contains ni nodes and uses
an (ni,mi) MDS code, so its �nishing time is the completion time of the mi-th
fastest node in that group. Denote the ordered completion times within group

i by v
(i)
ni ≥ v

(i)
ni−1 ≥ · · · ≥ v

(i)
1 . So the group �nishing time is v

(i)
mi . The overall

batch makespan is B = max1≤i≤ℓ v
(i)
mi .

Let si denote the number of nodes in group i that belong to the globally
fastest set S. Since

∑ℓ
i=1 si =

∑ℓ
i=1 mi = M , there are two cases.

Case 1: si∗ < mi∗ for some group i∗. This group contains fewer than mi∗

nodes from S, so its mi∗ -th fastest completion time is no smaller than A. Thus,

B = max
1≤i≤ℓ

v(i)mi
≥ v(i

∗)
mi∗ ≥ A. (7)

Case 2: si ≥ mi for every group i. The equality of the two sums implies
si = mi for all i. Let i

∗ be the group containing the node with completion time
vM = A. Since this group contains exactly mi∗ nodes from S, its mi∗ -th fastest
completion time is A. Therefore,

B ≥ v(i
∗)

mi∗ = A. (8)

In both cases, B ≥ A for every feasible grouping. Taking expectations gives
E[B] ≥ E[A], proving the optimality of the single-group strategy.

4 Grouping Design for General Coding

Unlike MDS coding, general coding introduces a tradeo� in grouping. Dividing
the tasks into more groups reduces the total recovery requirement, but also
splits the available workers among more independent groups, making the batch
more susceptible to a slow group. Consequently, obtaining a closed-form optimal
grouping is di�cult. In this section, we �rst derive structural properties for
evaluating feasible groupings, then develop the Grouping Branch and Bound
(GBB) algorithm that �nds the globally optimal solution. To improve scalability
for larger instances, we further propose the Slack Balanced Grouping Search
(SBGS) algorithm.
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4.1 Structural Properties of Grouping

We consider the general recovery threshold d(m) = cm− (c− 1) with c ≥ 2. For
a partition with ℓ task groups, the total recovery threshold is

Dℓ =

ℓ∑
i=1

d(mi) = d(M)− (c− 1)(ℓ− 1). (9)

Hence, each additional group reduces the total recovery threshold by c− 1. For
a �xed ℓ, Dℓ depends only on the number of groups, while the task partition
determines how the recovery requirements are distributed among them.

An ℓ-group strategy is feasible only if the available workers can satisfy the
total recovery requirement, i.e., Dℓ ≤ N , with ℓ ≤M . This yields the minimum
feasible number of groups

ℓmin = max

{
1,

⌈
cM −N

c− 1

⌉}
, ℓmin ≤ ℓ ≤M. (10)

Since N ≥ M , we have ℓmin ≤ M . If N ≥ d(M), then ℓmin = 1 and the single-
group strategy is feasible. Otherwise, the tasks must be divided into at least
ℓmin groups to obtain a feasible strategy. Thus, under limited worker resources,
grouping may be required to satisfy the recovery requirements.

Although increasing the number of groups reduces the total number of re-
quired results, it does not necessarily reduce the batch makespan. Each group
must independently receive at least di worker results, so results from completed
groups cannot help the other un�nished groups. Therefore, the grouping prob-
lem should balance the reduction in the total number of required results against
the additional waiting caused by completing multiple groups separately.

To compare di�erent feasible groupings, the expected batch makespan must
be evaluated repeatedly. Since the integral form in (5) is inconvenient for evalua-
tion, we derive an equivalent �nite sum. From (2), each Fdi,ni

(t) can be expressed

as a polynomial in e−λ(t−µ) with degree ni. Since
∑ℓ

i=1 ni = N , the batch com-
pletion distribution in (4) can be written as

ℓ∏
i=1

Fdi,ni
(t) = 1 +

N∑
k=1

βke
−kλ(t−µ), (11)

where the coe�cients βk are obtained by multiplying the group polynomials.
Substituting (5) into (11) gives

E[B(G)] = µ−
N∑

k=1

βk

∫ ∞

µ

e−kλ(t−µ)dt = µ− 1

λ

N∑
k=1

βk

k
. (12)

Thus, the expected batch makespan of any feasible grouping can be evaluated
exactly through a �nite sum without numerical integration.
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4.2 Grouping Branch and Bound

The grouping problem in (6) involves a rapidly growing number of feasible strate-
gies, making exhaustive search impractical. To solve this problem, we propose
the Grouping Branch and Bound (GBB) algorithm, which systematically ex-
plores the grouping space and prunes noncompetitive branches using a lower
bound, thereby reducing the search space while guaranteeing global optimality.

For a grouping strategy G with ℓ groups, let P = {(m1, n1), . . . , (mp, np)} be
a partial grouping containing p �xed groups, where p ≤ ℓ. The numbers of tasks,
workers, and groups that remain to be assigned are

MR = M −
p∑

i=1

mi, NR = N −
p∑

i=1

ni, ℓR = ℓ− p. (13)

Using the relationship in (9), the total recovery requirement of the remaining
groups is determined by MR and ℓR, and is given by DR = cMR − (c − 1)ℓR.
Thus, a partial grouping is infeasible if MR < ℓR or NR < DR.

To construct a lower bound, we relax the completion requirement for the
remaining groups. Instead of requiring each of the ℓR groups to reach its own
recovery threshold, we consider the remaining part complete once any DR results
are returned by the NR remaining workers, regardless of which groups those
workers would belong to.

Lemma 1. De�ne the lower bound Blb(P) = max
{
Td1,n1

, . . . , Tdp,np
, TDR,NR

}
.

Any feasible complete grouping G extending P satis�es Blb(P) ≤ B(G). Conse-
quently,

E[Blb(P)] ≤ E[B(G)]. (14)

Proof. Let BR(G) = maxp+1≤i≤ℓ Tdi,ni
denote the completion time of the re-

maining groups. By time BR(G), each remaining group i has received at least di
worker results. Since the worker groups are disjoint, at least

∑ℓ
i=p+1 di = DR

results have been returned by the NR remaining workers. Therefore, TDR,NR
≤

BR(G). It follows that

Blb(P) = max
{
Td1,n1 , . . . , Tdp,np , TDR,NR

}
≤ max

{
Td1,n1 , . . . , Tdp,np , BR(G)

}
= B(G).

(15)

Taking expectations yields (14). This completes the proof.

The expectation E[Blb(P)] is evaluated by applying the �nite expression
in (12) to the p + 1 pairs (d1, n1), . . . , (dp, np), (DR, NR). By Lemma 1, if this
value is no smaller than the expected makespan of the current best complete
grouping, no feasible extension of P can improve the current solution, and the
corresponding branch can be pruned.

At each branching step, a pair (m,n) is selected for the next group and
appended to P. When ℓR > 1, the selected pair should satisfy

1 ≤ m ≤MR− (ℓR−1), n ≥ d(m), NR−n ≥ c(MR−m)− (c−1)(ℓR−1). (16)
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Together, these constraints assign at least one task and enough workers for re-
covery to the new group, while leaving at least one task for each remaining group
and su�cient workers to meet their total recovery requirement. When ℓR = 1,
all remaining tasks and workers are assigned to the �nal group, resulting in the
pair (MR, NR).

Di�erent orders of the same group pairs represent the same grouping strategy.
To avoid exploring these duplicate orders, we sort the pairs �rst by the number
of tasks and then by the number of workers when their task numbers are equal.
Speci�cally, when P is nonempty, a new pair (m,n) can be appended if m > mp,
or if m = mp and n ≥ np. This ordering gives each feasible grouping a single
sequence, so each grouping is explored exactly once.

GBB starts with a feasible complete grouping to establish an initial upper
bound and enable pruning. We use uniform replication with ℓ = M and mi = 1,
and distribute the workers as evenly as possible among the groups. This group-
ing is always feasible because d(1) = 1 and N ≥ M . The GBB algorithm is
summarized in Algorithm 1.

Theorem 2. The grouping strategy returned by Algorithm 1 is globally optimal.

Proof. The outer loop considers all feasible group counts speci�ed by (10). For
each group count, the branching rules generate all feasible task and worker allo-
cations. Every feasible grouping is arranged according to the lexicographic rule
and thus appears once in the search.

A state violating (16) has no feasible extension. For any other pruned state P,
Lemma 1 ensures that every feasible extension G satis�es E[B(G)] ≥ E[Blb(P)] =
Llb ≥ L∗. Hence, pruning cannot discard a grouping that improves the incum-
bent.

The search space is �nite, and every complete grouping retained by the search
is evaluated using (12). Upon termination, the returned grouping G∗ has the
minimum expected batch makespan among all feasible groupings.

For a �xed ℓ, there are
(
M−1
ℓ−1

)
ordered positive task partitions. By the expres-

sion for Dℓ in Section 4.1, the number of workers remaining after every group
receives its required workers is N − Dℓ. Distributing these workers among the
ℓ groups gives

(
N−Dℓ+ℓ−1

ℓ−1

)
ordered worker allocations. Thus, before canonical or-

dering and pruning, the number of complete candidates is at most
(
M−1
ℓ−1

)(
N−Dℓ+ℓ−1

ℓ−1

)
.

Each expected-makespan evaluation requires O(N2) arithmetic operations to
multiply the group polynomials. Since a root-to-leaf path contains at most M
states, a conservative worst-case complexity is

O

(
MN2

M∑
ℓ=ℓmin

(
M − 1

ℓ− 1

)(
N −Dℓ + ℓ− 1

ℓ− 1

))
. (17)

The worst-case complexity is exponential in M , but the lower bound and canon-
ical ordering can substantially reduce the number of states evaluated in practice.
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Algorithm 1: Grouping Branch and Bound (GBB)

Input: M , N , and c
Output: A globally optimal grouping G∗ and its expected makespan L∗

Initialization: Construct G∗ with ℓ = M , mi = 1, and an even worker
allocation, L∗ ← E[B(G∗)] using (12),
ℓmin ← max{1, ⌈(cM −N)/(c− 1)⌉}

1 for ℓ← ℓmin to M do
2 Initialize Q with the root state (∅,M,N, ℓ)
3 while Q is not empty do
4 Pop (P,MR, NR, ℓR) from Q
5 DR ← cMR − (c− 1)ℓR
6 if MR < ℓR or NR < DR then
7 continue
8 end
9 if ℓR = 1 then
10 if (MR, NR) satis�es the lexicographic rule then
11 Append (MR, NR) to P to obtain G
12 L← E[B(G)] using (12)
13 if L < L∗ then
14 (G∗, L∗)← (G, L)
15 else
16 Llb ← E[Blb(P)] using (12)
17 if Llb < L∗ then
18 foreach (m,n) satisfying (16) and the lexicographic rule do
19 Append (m,n) to P to obtain P ′

20 Push (P ′,MR −m,NR − n, ℓR − 1) onto Q
21 end

22 end

23 end

24 end

25 end
26 return (G∗, L∗)

4.3 Slack Balanced Grouping Search

GBB returns a globally optimal solution, but its exponential worst-case com-
plexity limits its scalability. To e�ciently handle larger instances, we further
propose the Slack Balanced Grouping Search (SBGS) algorithm. Since di�er-
ent initial groupings may lead to di�erent local optima, for each feasible group
number, SBGS starts from R initial groupings and performs at most Imax best-
improvement iterations from each start. The algorithm stops earlier if no feasible
task or worker move strictly decreases the expected batch makespan. The best
grouping obtained from all starts is returned.

Consider a �xed task partition with ℓ groups. Let di = d(mi) and Dℓ =∑ℓ
i=1 di. When group i becomes recoverable, di workers have completed their

assignments, while the remaining ni − di workers need not �nish. We de�ne
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si = ni− di as the worker slack of group i. Since
∑ℓ

i=1 ni = N , the total worker

slack is
∑ℓ

i=1 si = N −Dℓ. The following proposition gives the allocation that
maximizes the minimum worker slack among all groups.

Proposition 1. For a �xed feasible task partition with ℓ groups, we have

max∑ℓ
i=1 ni=N
ni≥di

min
1≤i≤ℓ

(ni − di) =

⌊
N −Dℓ

ℓ

⌋
. (18)

The maximum is attained by an allocation satisfying

|(ni − di)− (nj − dj)| ≤ 1, ∀i, j ∈ [ℓ]. (19)

Proof. After assigning di workers to every group, N−Dℓ workers remain. Hence,
the minimum slack cannot exceed the average slack and is at most ⌊(N −Dℓ)/ℓ⌋.
Otherwise, every group would have slack at least ⌊(N −Dℓ)/ℓ⌋+ 1, making the
total slack greater than N −Dℓ.

To attain this upper bound, we assign di + ⌊(N −Dℓ)/ℓ⌋ workers to each
group i and distribute the remaining workers among distinct groups. Since fewer
than ℓ workers remain, assigning them to distinct groups ensures that each group
receives at most one additional worker. The resulting slack values di�er by at
most one and have a minimum of ⌊(N −Dℓ)/ℓ⌋. Therefore, this allocation sat-
is�es (19) and attains the maximum in (18).

This result provides a feasible starting allocation that avoids assigning sub-
stantially less worker slack to one group than to the others. For every feasible
group count ℓ, SBGS uses R ≥ 2 initial task partitions. The �rst is the balanced
partition, in which the task counts di�er by at most one. The second is the
maximally uneven partition (M − ℓ + 1, 1, . . . , 1). The remaining R − 2 starts,
if any, are generated randomly. For each start, we select ℓ− 1 distinct cut posi-
tions uniformly at random from the M − 1 gaps between consecutive tasks. The
cut positions de�ne an ordered positive partition of M into ℓ groups and yield
a uniform distribution over all such partitions. For each task partition, SBGS
computes di = d(mi), �rst assigns di workers to group i, and then distributes
the remaining N −Dℓ workers according to (19). If N −Dℓ is not divisible by
ℓ, the workers left are assigned to di�erent groups across the initializations.

Starting from each slack-balanced initialization, SBGS explores both task
and worker allocations through two move types.

� A worker move transfers one worker from group i to group j while keeping
the task partition unchanged. The move is feasible if ni > di.

� A task move transfers one task from group i to group j, where mi ≥ 2.
Under d(m) = cm − (c − 1), the recovery requirements of the source and
destination groups decrease and increase by c, respectively. Transferring c
workers with the task preserves the worker slack of both groups, speci�cally,
(mi, ni)← (mi − 1, ni − c), (mj , nj)← (mj + 1, nj + c). Therefore, the task
move also preserves feasibility.
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Algorithm 2: Slack Balanced Grouping Search (SBGS)

Input: M , N , c, the number of starts R ≥ 2, and the maximum number of
iterations Imax ≥ 1

Output: A grouping Ĝ and its expected batch makespan L̂
Initialization: L̂←∞, ℓmin ← max{1, ⌈(cM −N)/(c− 1)⌉}

1 for ℓ← ℓmin to M do
2 Generate the balanced and maximally uneven task partitions
3 Generate R− 2 random positive integer partitions
4 foreach initial task partition m do
5 Compute di = d(mi) for every group
6 Allocate the workers according to (19)
7 G ← (ℓ,m,n)
8 L← E[B(G)] using (12)
9 I ← 0, improved← true

10 while improved and I < Imax do
11 I ← I + 1, improved← false
12 (G′, L′)← (G, L)
13 foreach feasible worker move or task move producing H do
14 U ← E[B(H)]
15 if U < L′ then
16 (G′, L′)← (H, U)

17 end
18 if L′ < L then
19 (G, L)← (G′, L′)
20 improved← true

21 end

22 if L < L̂ then

23 (Ĝ, L̂)← (G, L)
24 end

25 end

26 end

27 return (Ĝ, L̂)

Both moves preserve the total numbers of tasks and workers and maintain fea-
sibility. At each iteration, SBGS evaluates all feasible neighbors using (12) and
moves to the one with the smallest expected batch makespan if it strictly im-
proves the current grouping. The search terminates when no improving neighbor
exists or when Imax iterations have been performed. In the former case, the result
is locally optimal with respect to the worker and task moves. In the latter case,
the algorithm returns the best grouping found within the prescribed iteration
budget. The SBGS algorithm is summarized in Algorithm 2.

For a grouping with ℓ groups, a worker move selects an ordered source-
destination pair, so there are at most ℓ(ℓ− 1) feasible worker-move candidates.
The same upper bound applies to task moves. Therefore, one search iteration
evaluates at most 2ℓ(ℓ − 1) neighboring groupings. Since each exact expected
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makespan evaluation requires O(N2) arithmetic operations, the total complex-
ity of SBGS is

O

(
RImaxN

2
M∑

ℓ=ℓmin

ℓ(ℓ− 1)

)
= O(RImaxM

3N2). (20)

For �xed R and Imax, SBGS has polynomial complexity O(M3N2). The solution
obtained by SBGS can be used as the initial incumbent for GBB, providing a
tighter upper bound and enabling more e�ective pruning without a�ecting the
global optimality guarantee of GBB.

5 Performance Evaluation

We validate the optimality of single-group strategy under MDS coding and then
evaluate the solution quality and computational e�ciency of GBB and SBGS
under general coding by comparing them with representative grouping strategies.

5.1 Experimental Set-up

Following the shifted exponential setting in [28], we set the shift and rate pa-
rameters to µ = 1 and λ = 0.5, respectively. We consider MDS coding with
d(m) = m and general coding with d(m) = 2m − 1. For both coding schemes,
the number of workers is �xed at N = 50, while the number of tasks is varied
starting from M = 5. We consider the following benchmark grouping strategies.

� Single-group All M tasks and N workers form one group, with ℓ = 1,
m = (M), and n = (N).

� Uniform For a �xed 2 ≤ ℓ < M , this method divides the tasks and the
nodes as evenly as possible, so that |mi − mj | ≤ 1 and |ni − nj | ≤ 1 for
∀i, j ∈ {1, . . . , ℓ}.

� Replication Each task forms a separate group, with ℓ = M and mi = 1
for all i ∈ [M ]. The workers are divided as evenly as possible among the M
groups.

Under MDS coding, we compare the benchmark strategies above. Under gen-
eral coding, we additionally evaluate GBB and SBGS. GBB obtains the globally
optimal grouping using Algorithm 1, while SBGS returns the best grouping
found within its prescribed search budget using Algorithm 2. For SBGS, we set
the number of starts to R = 5 and the maximum number of best-improvement
iterations per start to Imax = 20.

5.2 Evaluation Results

We evaluate di�erent grouping strategies using both simulations and numerical
analysis. In the simulations, 2000 batches of size M are simulated to estimate
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Fig. 1. Expected batch makespan under MDS and general coding with N = 50, µ = 1,
and λ = 0.5. In (b), ℓ∗ denotes the best feasible group count under the uniform strategy.

the expected performance. The numerical analysis computes the expected batch
makespan directly for each grouping. Since the simulation and numerical results
di�er only at the 10−3 level, we present only the numerical results as represen-
tative in the following.

Figure 1(a) compares the four grouping strategies under MDS coding and
shows that the single-group strategy achieves the smallest expected batch makespan
for all tested values of M , validating the theoretical result proved in Section 3.
Replication generally performs worst because it creates the largest number of
groups, increasing the likelihood that the batch is delayed by a slow group.

Figure 1(b) reports the relative makespan gap, de�ned as (L−LGBB)/LGBB×
100%, where LGBB is the globally optimal value returned by GBB. Under gen-
eral coding, the total recovery requirement decreases with the number of groups.
The Single-group strategy has zero gap for 5 ≤M ≤ 19, con�rming its optimal-
ity when su�cient worker redundancy is available. Its gap becomes positive at
M = 20 and increases rapidly thereafter, reaching 66.1% at M = 25. This
shows that grouping becomes increasingly bene�cial as the single group recovery
requirement approaches the total number of workers. Uniform grouping gen-
erally performs better than Replication for smaller M , but its gap increases
beyond 10% for M ≥ 21 and reaches 18.1% at M = 25. In contrast, the gap of
Replication decreases from 5.2% at M = 20 to 0% at M = 25, because using
more groups reduces the total recovery requirement and becomes more advan-
tageous as worker redundancy diminishes. The SBGS matches GBB throughout
the tested range and consequently maintains a zero gap, demonstrating its e�ec-
tiveness in �nding high-quality groupings within the prescribed search budget.

We next compare the computational e�ciency of GBB and SBGS. Let Elb

and Eleaf denote the numbers of lower-bound evaluations and complete grouping
evaluations in GBB, respectively. Including the evaluation of its initial incum-
bent, the total count is EGBB = Elb+Eleaf +1. For SBGS, let Einit, Eworker, and
Etask denote the numbers of previously unevaluated initial groupings, worker-
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Table 1. Empirical search e�ort of GBB and SBGS.

M EGBB ESBGS Work ratio Reduction (%)

5 1,948 81 24.05 95.84

10 22,858 434 52.67 98.10

15 94,797 3,010 31.49 96.82

20 264,115 6,291 41.98 97.62

25 116,637 3,742 31.17 96.79

30 143,147 5,915 24.20 95.87

move candidates, and task-move candidates, respectively. Candidates retrieved
from the cache are not counted again. Thus, ESBGS = Einit + Eworker + Etask.
The two comparison metrics in Table 1 are calculated as

Workratio =
EGBB

ESBGS
, Reduction = 100

(
1− ESBGS

EGBB

)
%. (21)

They measure the observed search e�ort rather than the asymptotic worst-case
complexity of either algorithm.

Table 1 compares the computational costs of GBB and SBGS in terms of
objective evaluations. Across all reported problem sizes, SBGS reduces the eval-
uation count by more than one order of magnitude. Speci�cally, GBB performs
24.05 to 52.67 times as many evaluations as SBGS, corresponding to a reduc-
tion of 95.84%-98.10%. The counts vary nonmonotonically with M because the
feasible grouping space changes with the task number. For c = 2 and N = 50,
ℓmin = max{1, 2M − 50}. Once M > 25, ℓmin increases with M , and the feasi-
ble range of group counts gradually narrows. Consequently, GBB explores fewer
branches after feasibility checks and lower-bound pruning, while SBGS examines
fewer feasible moves and can terminate sooner. Together with Fig. 1(b), these
results show that SBGS obtains high-quality groupings with substantially fewer
objective evaluations, demonstrating its e�ciency.

6 Conclusions and Future Work

This paper formulated the joint task-grouping and worker-allocation problem
for minimizing the expected makespan of coded batch computation. We �rst
proved that the single-group strategy is optimal under MDS coding for arbi-
trary worker-time distributions. For the general coding scheme with threshold
d(m) = cm − (c − 1), we characterized how the number of groups determines
the total recovery requirement and feasibility and derived an exact �nite-sum
expression for the expected batch makespan under shifted exponential worker
times. Building on these results, we �rst developed GBB, which returns a glob-
ally optimal grouping through lower-bound pruning. To extend the framework
to larger instances, we further developed SBGS, a polynomial-time local search
that improves several slack-balanced initial groupings by reallocating tasks and
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workers, obtaining high-quality solutions with far fewer objective evaluations
than GBB. Experiments show that grouping becomes bene�cial as worker re-
dundancy decreases; moreover, SBGS matches the GBB optimum in all tested
instances while reducing objective evaluations by 95.84%�98.10%. These results
clarify when grouping can improve coded batch completion, o�er guidance on
how tasks and workers should be grouped, and provide both exact and scalable
solution approaches. Future work will extend the proposed framework to broader
distributed computing settings and practical system constraints.
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